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Instability of a membrane intersecting a black hole
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The stability of a Nambu-Goto membrane at the equatorial plane of the Reissner–Nordstro”m–de Sitter
spacetime is studied. The covariant perturbation formalism is applied to study the behavior of the perturbation
of the membrane. The perturbation equation is solved numerically. It is shown that a membrane intersecting a
charged black hole, including an extremely charged one, is unstable and that the positive cosmological constant
strengthens the instability.
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I. INTRODUCTION

It is believed that in the early universe a series of vacu
phase transitions led to several types of topological def
@1#. Topological defects are relics of the early universe a
are expected to convey some information on physics of v
high energy scales beyond our reach with ground-based
celerators. On the other hand, topological defects are ca
dates for the seeds of the observed large scale structure o
universe such as sheetlike or filamentary structures or vo
Thus topological defects are attractive examples which c
nect high energy physics and cosmology and we might
able to have some information on high energy phys
through cosmological observations such as gravitatio
wave detection in the future. Topological defects, if th
existed, would interact with other strong gravitation
sources such as black holes, and then they might have e
rienced large deformation and emitted some information
themselves as gravitational waves. If we succeed in detec
such gravitational waves and identifying them, we will
able to confirm the existence of topological defects a
hence the occurrence of a vacuum phase transition.

Topological defects with a finite extent such as a cosm
string or domain wall are known to produce an unus
gravitational field@2,3# and their dynamics is slightly com
plicated. There are some studies on the interaction betwe
cosmic string and a black hole with the hope of detect
gravitational waves from cosmic strings. De Villiers an
Frolov studied@4,5# the dynamics of the scattering and ca
turing process of an infinitely thin test string by a Schwar
child black hole. However less is known on the interacti
between a domain wall and a black hole; only the sta
configurations have been studied so far. Morisawaet al. @6#
showed the existence of static configurations of a thick
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main wall intersecting a Schwarzschild black hole in
equatorial plane. Christensenet al. @7# numerically found a
series of static configurations of a domain wall as a Nam
Goto membrane in the Schwarzschild spacetime, some
which represent an intersecting pair of a domain wall an
black hole. When arranged in sequence, these configura
seem to represent a scattering and capturing process
domain wall by a black hole. In most situations of cosm
logical interest, the thickness of a domain wall will be mu
smaller than the horizon radius of a solar-mass or primor
black hole, so that the infinitely thin wall~membrane! ap-
proximation will be valid in such cases. When we furth
neglect the gravitational effect of a domain wall, its spac
time history, i.e., the world sheet, is governed by the Nam
Goto action and it is called the Nambu-Goto membrane.

A membrane lying in the equatorial plane of the bla
hole spacetime has the highest symmetry among the con
rations which represent an intersecting pair of a membr
and a black hole. This simple configuration is a possi
candidate for a final state of the scattering and captur
process provided such a state stably exists. Having thi
mind, we study the stability of a Nambu-Goto membrane
the equatorial plane of the Reissner–Nordstro”m–de Sitter
~RNdS! spacetime. The charge of the black hole and
positive cosmological constant are included to see their
fect on the stability. This mimics the situation where a d
main wall resulting from a vacuum phase transition is int
secting a charged primordial black hole in the early univer
We consider the linear perturbation of the membrane
means of the covariant perturbation formalism@8,9#. The
perturbation equation reduces to a wave equation on
world sheet with the mass term, which is negative in t
presence of the charge of the black hole or the positive c
mological constant. Accordingly instability is naively ex
pected. Solving the perturbation equation reduces to solv
a two point boundary value problem. We numerically sol
it by the shooting and the relaxation methods. We find tha
membrane intersecting a RNdS black hole is unstable.
find the instability at least in the range of 0.001<ueu/M<1
©2000 The American Physical Society02-1
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for L.0, and 0.75<ueu/M<1 for L50, whereas the mem
brane in the Schwarzschild background is stable.

While our treatment of a domain wall is simple with bo
its thickness and gravitational effect neglected, our mode
the membrane-black hole system is all the more elemen
and relevant in other contexts. The interaction between b
holes and extended objects is important as an elemen
physical process. Indeed much attention has recently b
paid to the interaction between black holes and exten
objects such as membranes or strings in the string o
theory @10–13#, the brane world scenario@14–18#, etc. For
instance in the context of the brane world models, our u
verse is described as a four-dimensional domain wall in
five dimensional bulk spacetime. Some people argue th
black hole on the gravitating membrane is realized a
‘‘black cigar’’ in the bulk spacetime which intersects th
membrane@14#.

The rest of the paper is organized as follows. In Sec. II
review the covariant perturbation formalism and specify
perturbation equation and the boundary conditions. The
merical algorithm is also explained there. In Sec. III w
present the results of numerical and analytical consid
ations. Finally we summarize and discuss the results in S
IV.

II. BASIC EQUATIONS

A. Equation of motion

The history of a membrane~world sheet! is described by
the timelike hypersurface (S,gab) embedded in the four
dimensional spacetime (M ,gmn). The embedding is given by

xm5Xm~ja!, m50, . . . ,3, a50, . . . ,2, ~1!

wherexm’s are the spacetime coordinates andja’s the world
sheet coordinates. The induced metricgab on S is given by

gab5X,a
m X,b

n gmn . ~2!

The dynamics of the membrane is described by the Nam
Goto action

S@Xm,X,a
m #52sE

S
d3jA2g, ~3!

wheres represents the surface energy density of the m
brane in its rest frame.

We consider the variation of the action with respect
Xm ,

dS

dXm
5s~Gab

m gabX,a
a X,b

b 1hXm!, ~4!

whereGab
m is the spacetime affine connection andh is the

d’Alembertian on the world sheet

h5
1

A2g

]

]ja S A2ggab
]

]jbD . ~5!

Recall the Gauss-Weingarten equation
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DbX,a
m 1Gab

m X,a
a X,b

b 5Kabn
m, ~6!

whereKab is the extrinsic curvature defined as

Kab52X,a
m X,b

n ¹nnm , ~7!

nm is the normal to the world sheet,Da is the world sheet
covariant derivative and¹m is the spacetime covariant de
rivative. Contracting Eq.~6! with gab, we obtain

hXm1Gab
m gabX,a

a X,b
b 5gabKabn

m. ~8!

With this equation, Eq.~4! becomes

dS

dXm
5sgabKabn

m50. ~9!

Equation ~9! has only the component perpendicular to t
world sheet. Hence the variation parallel to the world sh
has no physical meaning. Finally the equation of motion
the membrane is

K5gabKab50. ~10!

This is the equation of minimal surfaces. In general, Eq.~10!
cannot be solved analytically.

B. Perturbation equation

As noted above, the physically meaningful measure of
perturbationdXm is the scalar

F5nmdXm. ~11!

Taking the variation of Eq.~10! with respect toF and setting
it to zero, we obtain the perturbation equation

hF2~3R24Rmnhmn!F50, ~12!

where hmn[gmn2nmnn is the projection operator onto th
world sheet.

C. Perturbation of a membrane at the equatorial plane of the
RNdS spacetime

A membrane lying in the equatorial plane of the bla
hole spacetime has the highest symmetry among the con
rations found by@7# which represent an intersecting pair of
membrane and a Schwarzschild black hole. This simple c
figuration is a possible candidate for a final state of the s
tering and capturing process of a membrane and a black
provided such a state stably exists.

In general, spherically symmetric black hole spacetim
have the discrete symmetry about the equatorial plane,
the equatorial plane consists of fixed points of this symm
try. Hence the equatorial plane is totally geodesic andK
50.

The most general spherically symmetric black hole spa
time is the Reissner–Nordstro”m–de Sitter spacetime

gmndxmdxn52 f dt21 f 21dr21r 2du21r 2 sin2udw2,
~13!
2-2
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where

f 512
2M

r
1

e2

r 2
2

L

3
r 2, ~14!

L is the cosmological constant andM ande are the mass and
charge of the black hole, respectively. The relation betw
the spacetime coordinates$t,r ,u,w% and the world sheet co
ordinates$T,R,C% of the membrane at the equatorial pla
is simply

t5T, r 5R, u5
p

2
, w5C. ~15!

Then the induced metric~2! is

gabdjadjb52 f dT21 f 21dR21R2dC2. ~16!

This means that the geometry of the membrane is a th
dimensional black hole spacetime. The perturbation equa
~12! becomes

hF1S e2

r 4
1L D F50. ~17!

The mass term becomes negative when the charge of
black hole or the positive cosmological constant is pres
which implies instability. This is why we consider the equ
torial plane of the Reissner–Nordstro”m–de Sitter spacetime
In addition, it mimics a cosmologically interesting situatio
where a domain wall resulting from a vacuum phase tra
tion is intersecting a charged primordial black hole in t
early universe.

By a separation of variables,F5(x(r )/Ar )exp(ivt
1imw), Eq. ~17! is transformed into a Schro¨dinger type
equation in the three-dimensional black hole spacetime

2
d2x

dr
*
2

1V~r !x5v2x, ~18!

V~r !5 f F S m2

r 2
2

e2

r 4
2L D 2

f 22 f 8r

4r 2 G , ~19!

where r * 5* rdr/ f is the usual tortoise coordinate. For th
casesMÞ0 we normalizer ,e,L,v as

r /M→r , e/M→e, LM2→L, vM→v. ~20!

D. Boundary conditions

The present problem reduces to solving a Schro¨dinger
type equation, and so does the problem of the metric per
bation of a four-dimensional black hole spacetime. Hence
will follow the stability analysis of the latter.

We consider the casesMÞ0. Then the tortoise coordinat
r * goes from2` to 1`. r * 52` corresponds to the even
horizon andr * 51` to infinity (L50) or the cosmologica
horizon (L.0). The potential~19! approaches zero asr *
goes to6`. Therefore the asymptotic solution to Eq.~18! is
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a linear combination ofe1 ivr
* and e2 ivr

* . With the time
dependence of the solution of the formeivt , the solutions
e1 ivr

* ande2 ivr
* represent an ingoing wave and an outg

ing wave, respectively. At infinity or the cosmological hor
zon we admit an outgoing wave, and at the event horizon
ingoing wave. This is because we assume no external so
of perturbation of the membrane during its evolution. Hen
we set the boundary conditions as follows:

x→H Cout exp~2 ivr * ! ~r * →1`!,

Cin exp~1 ivr * ! ~r * →2`!,
~21!

with Cin/out constant. This form of boundary conditions a
pears in the standard analysis of a quasinormal mode
black hole@19#.

With the time dependenceeivt, Im(v),0 corresponds to
unstable modes. Then from the boundary conditions~21!, an
unstable solution to Eq.~18! decays ase2uIm(v)ur

* when r *
goes to1` and aseuIm(v)ur

* when r * goes to2`. Multi-
plying Eq. ~18! by x̄ ~upper bar means the complex conj
gate! and integrating by parts, we obtain

E
2`

1`SU dx

dr*
U21V uxu2Ddr*1F2x̄

dx

dr*
G
2`

1`

5v 2E
2`

1`

uxu2dr* . ~22!

As long as we consuder unstable modes, the surface term
the left-hand side~LHS! vanishes and the integrals on bo
sides converge. Therefore we obtain

v25E
2`

1`S U dx

dr*
U2

1Vuxu2Ddr* Y E
2`

1`

uxu2dr* .

~23!

Since the RHS of Eq.~23! is real,v is real or pure imagi-
nary. Here we seek for unstable modes@ Im(v),0#. So we
can setv5 is(s,0). Then the boundary conditions~21!
read

x→H Cout exp~1sr * ! ~r * →1`!,

Cin exp~2sr * ! ~r * →2`!.
~24!

We shall examine the eigenvalue problem of Eq.~18! subject
to the boundary conditions~24!.

E. Algorithm

The eigenvalue problem considered reduces to a two p
boundary value problem. We define four dependent variab
as

y15x, y25
dx

dr*
, y35s, y45A, ~25!

where all yi ’s are functions ofr * , and s and A are con-
stants.A is the ratio ofCin to Cout ~or Cout to Cin). The
evolution equations are

y185y2 , y285@V1~y3!2#y1 , y3850, y4850, ~26!
2-3
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where the prime denotes the differentiation with respec
r * . We impose two sets of boundary conditions. The se
(y45Cout /Cin[A1) is

y15exp~2y3r * 1!, y252y3y1 ~at r * 5r * 1!, ~27!

y15y4 exp~y3r * 2!, y25y3y1~at r * 5r * 2!.
~28!

The set 2 (y45Cin /Cout[A2) is

y15y4 exp~2y3r * 1!, y252y3y1 ~at r * 5r * 1!, ~29!

y15exp~y3r * 2!, y25y3y1~at r * 5r * 2!. ~30!

The conditionA13A251 is used for checking the reliability
of calculations. Note that the boundary conditions~27!–~30!
leavey3 ,y4 arbitrary. In general an arbitrary choice ofy3 ,y4
at one boundary and the subsequent integration of the de
dent variables do not ensure that the boundary condition
the other boundary are satisfied. We solve this problem
the shooting method. We also perform the calculation by
relaxation method to confirm the results of the shoot
method.

III. RESULTS

A. Schwarzschild case

For pure Reissner-Nordstro”m cases the potential~19! is
positive semidefinite form>1:

V~r !5S 12
2

r
1

e2

r 2D F S m22
1

4D 1

r 2
1

3

2r 3
2

9e2

4r 4G>0

~r>r 1!, ~31!

wherer 1511A12e2 is the radius of the outer event hor
zon. The equality is satisfied only ifm5e51. Therefore, by
the argument of the energy integral@19#, there is no unstable
mode subject to the boundary conditions~24! whenm>1.

For the Schwarzschild case withm50 the radial function
R(r )5x(r )/Ar satisfies

S 12
2

r Dd2R

dr2
1

1

r

dR

dr
2

s2

122/r
R50. ~32!

In terms of a new variablez5 ln(r22) this equation become

2
d2R

dz2
1s2r 2R50. ~33!

The solution to this equation is regarded as the zero en
eigenfunction for the potentials2r 2. This potential is posi-
tive definite sinces is real and negative. Therefore we ha
no solution which decays whenz approaches6` ~the event
horizon and infinity! as required by the boundary condition
~24!
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R~r !5
x~r !

Ar
→H esr /Ar @r→`~z→1`!#,

~r 22!22s/A2 @r→r 1~z→2`!#.
~34!

Hence there exists no unstable mode for the Schwarzsc
case.

B. RNdS case

Before describing the numerical results, we comment
the upper bound ofm for which unstable modes may exisit i
the Reissner–Nordstro”m–de Sitter case. The potential~19!
takes the form

V~r !5H f F~r !/~4r 3! ~e50!,

f G~r !/~4r 4! ~eÞ0!,
~35!

wheref is defined by Eq.~14!,

F~r !525Lr 31~4m221!r 16 ~36!

and

G~r !525Lr 41~4m221!r 216r 29e2. ~37!

First we considere50 case.F(r ) is a monotonously de-
creasing function ofr and has the only one root forr>0.
Therefore, by the argument of the energy integral@19#, the
sufficient condition for the stability of perturbation is

F~r c!>0, ~38!

wherer c is the radius of the cosmological horizon. Equati
~38! reads

m2>
r c2615Lr c

3

4r c
542

9

r c
, ~39!

where f (r c)50 is used. Whene50, r c>3. Therefore Eq.
~39! shows that at least form>2 the potential~19! is posi-
tive definite and that a membrane is stable against such
turbation.

Next we considereÞ0 case. Forr>0, G(r ) either stays
negative, or becomes positive for an interval (r 1 ,r 2) but oth-
erwise negative. Then the sufficient condition for the stab
ity of perturbation is

G~r 1!>0 and G~r c!>0, ~40!

which excludes the possibility thatG(r ) stays negative, and
ensuresr 1<r 1<r c<r 2. Whene2 increases,r 1 and r 2 de-
crease andr 1 and r c increase. Hence it is sufficient to con
sidere251 case. In this case Eq.~40! reads

m2>maxH 16r c23r c124

4r c
2

,
16r 123r 1124

4r 1
2 J

541maxH 2
3

4r c
1

6

r c
2

,2
3

4r 1
1

6

r 1
2 J , ~41!
2-4
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FIG. 1. The plots of the eigenfrequency,usM u, versus the specific charge,ueu/M , of the black hole for them50 cases. The top left pane
shows the plot for theLM250 case, the top right for theLM251/1000, the bottom left for theLM251/100 and the bottom right for the
LM251/10. We obtained two sequences of the eigenvalues except for theLM250 case.
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where againf (r 1)5 f (r c)50 are used. WhenL.0, r 1

.11A12e251 (now e251). For r .1

2
3

128
<2

3

4r
1

6

r 2
,

21

4
~42!

Therefore Eq.~41! shows that at least form>4 there exists
no unstable mode.

The condition that the Reissner–Nordstro”m–de Sitter
spacetime has a static region isL,Lmax, where

Lmax~e2!5
3~11A928e2!

~1824e2!~31A928e2!224e2
. ~43!

This is a monotonously increasing function ofe2 and has the
minimum valueLmax(0)51/9. So we numerically investi
gate the casesLM250,1/1000,1/100,1/10. We found un
stable modes for various parameter sets (LM2,ueu/M ). The
eigenvalues ofm50 modes are shown in Fig. 1. The resu
of the shooting method and the relaxation method agree
well, the error being within 5%.
02500
ry

Figure 1 shows that whenueu/M becomes larger, we hav
a largerusM u and hence a higher growth rate of the pertu
bations. Therefore the charge of the black hole indeed de
bilizes the membrane at the equatorial plane. Since the m
brane is electrically neutral, this instability should b
understood as the curvature effect of the charge of the b
hole.

As to the effect of the cosmological constantL, we find
no simple tendency: for a givenueu/M , a largerLM2 does
not necessarily lead to a largerusM u. However with a non-
vanishing cosmological constant the magnitude of the eig
value is typically 1022 for 0.001<ueu/M<1 in contrast to
the RN cases, in which the magnitude of the eigenvalue
most exponentially decreases with decreasing specific ch
and is far below 1022 for ueu/M&0.80. Therefore we can a
least say that the cosmological constant also destabilizes
membranes. This expectation is supported by the consi
ation of the de Sitter background case~see Appendix A!.

We plotted some of the eigenfunctions forLM250 cases
in Fig. 2. Some features of the profiles are listed in Table
When we decrease the value of the specific charge of
black hole, the peak of the corresponding profile gets hig
and approaches the event horizon.
2-5
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As noted above we found that the charge of the black h
destabilizes the membrane in general. However, in
present analysis, we could not show the existence of unst
modes for smallueu/M (,0.75) whenLM250 due to the
difficulty in the numerical calculation as follows. Asueu/M
becomes smaller,usM u decreases approximately in powe
of ueu/M for 0.75<ueu/M<1 ~see Fig. 3!. Judging by the
extrapolation of this relation to the regimeueu/M<0.75,
usM u will be infinitesimal whenueu/M;0. In order for the
asymptotic formse6 ivr

* of x to be justified,uV(r )u must be
much smaller thanuv2u5us2u at the boundaries. Then th
coefficients in the evolution equations~26! get extremely
small and we suffer from underflows of numerical calcu
tions. By the same numerical difficulty, we leave open
possibility that unstable modes withm>1 exist in the pres-
ence of the positive cosmological constant.

IV. DISCUSSION

In this paper we numerically studied the stability of
Nambu-Goto membrane at the equatorial plane of
Reissner–Nordstro”m–de Sitter spacetime and found that
general such a membrane is unstable when the black ho
charged.

A membrane is a two-dimensional extended object in
three-space. So when it moves towards a black hole,
expected to be inevitably captured by the black hole. A se

FIG. 2. The radial profilesR(r )5x(r )/Ar of the m50 mode
eigenfunctions for the pure Reissner-Nordstro”m cases (ueu/M
51,0.99,0.90,0.80,0.75). The abscissa is normalized in the un
the horizon radiir 1 .

TABLE I. Some features of the radial profiles in Fig. 2.

Charge
ueu/M

Event horizon
r 1 /M

Peak location
r peak /M

Peak amplitude
R(r peak) r peak/r 1

1 1 1.202 0.22 1.202
0.99 1.141 1.281 0.57 1.123
0.90 1.436 1.468 0.79 1.022
0.80 8/5 1.603 0.79 1.002
0.75 1.661 1.662 0.78 1.001
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of configurations found by Christensenet al. seem to repre-
sent such situations. Among these configurations a m
brane lying in the equatorial plane of the black hole spa
time has the highest symmetry and is most likely to be
final state of the scattering and capturing process. On se
our result, however, we expect that it is not the case.
particular, Fig. 2 allows us to imagine that the membra
moves away from the equatorial plane. Then what eventu
happens to that membrane? Causality prohibits the m
brane from escaping from the event horizon. By analo
with the scattering process of a cosmic string off a black h
@4,5# the membrane might experience large deformation
the topology of the membrane might change. Here are so
speculations on the fate of the membrane; it may settle do
to some other configuration than the equatorial plane, o
may break up into two parts with one swallowed by the bla
hole and the other escaping to infinity. We need to perform
full dynamical computation to resolve this issue. Howev
that is beyond the scope of this paper.

We ignored the gravitational effect of a domain wa
whereas a gravitating domain wall is known to make a
pulsive gravitational field@2#, which is opposite to the strong
attractive gravity of a black hole. It is quite intriguing to fin
out the consequences of the competition of these oppo
forces.
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APPENDIX A: de SITTER AND MINKOWSKI
BACKGROUND CASES

To understand the destabilizing effect of the positive c
mological constant, we compare the de Sitter and Minkow

of

FIG. 3. The plots of the eigenfrequency, lnusMu, versus the spe-
cific charge, lnue/Mu, of the black hole for theLM250,m50 cases.
We find an approximate linear relation between lnusMu and lnue/Mu.
2-6
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cases. In these cases Eq.~18! is rewritten in terms of a new
function P(r * )5x(r * )/Ar * as

2
d2P

dr
*
2

2
1

r*

dP

dr*
1S 1

4r
*
2

2
1

4r2
2

7

6
L1s21

5

12
L2r 2D P50,

~A1!

where m is set to zero for simplicity. The reason we u
P(r * ) is that in the de Sitter and Minkowski cases the p
tential ~19! for x(r * ) diverges at the centerr 50 and that
numerical calculations become unstable.

In the Minkowski caser * 5r and Eq. ~A1! becomes
Bessel’s differential equation of order 0

d2P

d~sr !2
1

1

sr

dP

d~sr !
2P50, ~A2!

the solution of which is a linear combination of the modifi
Bessel functionsI 0(sr ) and K0(sr ). HoweverI 0(sr ) and
K0(sr ) diverge atr→` and r 50, respectively and do no
satisfy the regularity conditions. Hence membranes
stable in the Minkowski case.~The stability form>1 cases
is also verified.!

When the positive cosmological constant is present,
situation changes. In the limit ofr→0 (r * →2`), Eq. ~A1!
reduces to

d2P

dr
*
2

1
1

r *

dP

dr*
1S 11

9
L2s2D P50. ~A3!

Unlike Eq. ~A2!, the solution to Eq.~A3! differs depending
on the sign of (11L/92s2). When usu,A11L/9, the solu-
tion is a linear combination of the Bessel functionJ0(ar * )
and the Neumann function N0(ar * ), where a
[Au11L/92s2u. When usu.A11L/9, the solution is a lin-
ear combination of the modified Bessel functionsI 0(ar * )

TABLE II. Code check. Comparison of numerically obtaine
eigenvalues for the square-well potential~B2! with those obtained
from Eq. ~B4!.

Analytic
@from Eq. ~B4!# Numerical A @see Eq.~B3!# Parity

s11 0.673612 0.67361 11 even
s21 0.85723 0.85723 11 even
s22 0.319023 0.31902 -1 odd
s31 0.920798 0.92080 11 even
s32 0.650366 0.65037 -1 odd
s41 0.949724 0.94972 11 even
s42 0.785671 0.78566 -1 odd
s43 0.438306 0.43830 11 even
s51 0.965261 0.96527 11 even
s52 0.854684 0.85467 -1 odd
s53 0.641057 0.64105 11 even
s54 0.192693 0.19269 -1 odd
02500
-

re

e

andK0(ar * ). The regularity condition at the center exclud
N0 andK0 as the asymptotic solutions.

When usu,A11L/9, the asymptotic behavior ofP near
the center changes from the Minkowski case and we exp
the emergence of unstable modes sinceJ0 is a bounded func-
tion. In fact we found unstable modes by numerical calcu
tions. The method is similar to the one for the RNdS cas
The asymptotic form ofP near the cosmological horizo
r * →` is determined to beesr

* /Ar * by the boundary con-
dition similar to Eq.~24!. The eigenvalues are20.18257,
20.05773,20.01826 for L51/10,1/100,1/1000, respec
tively. Though we performed numerical calculations just f
three values of the cosmological constant, unstable mo
are expected as long as the positive cosmological consta
present.

APPENDIX B: CODE CHECK

We calculated the energy spectra for a one-dimensio
square-well potential to check the reliability of our numeric
code.

TABLE III. Comparison of the shooting and relaxation met
ods. Some selected eigenvaluesusM u are listed.

Specific charge (ueu/M ) Shooting Relaxation
LM250

1 6.35131022 6.32831022

0.99 4.64431022 4.64031022

0.97 2.92831022 2.92731022

0.95 1.92831022 1.92831022

0.93 1.26831022 1.26831022

0.91 8.19631023 8.18231023

0.89 5.13931023 5.12031023

0.87 3.10431023 3.08431023

0.85 1.79731023 1.77831023

0.83 9.93931024 9.79231024

0.81 5.24231024 5.18031024

0.79 2.63231024 2.55931024

0.77 1.25531024 1.21131024

0.75 5.67631025 5.41631025

LM250.1

1 9.972731022 9.976431022

1~2nd seq.! 7.243531023 7.347631023

0.99 9.697131022 9.700931022

0.90 8.125331022 8.129131022

0.80 7.037831022 7.040931022

0.70 6.212431022 6.214931022

0.60 5.538731022 5.540631022

0.50 4.976131022 4.977531022

0.40 4.509231022 4.510331022

0.30 4.135231022 4.136131022

0.20 3.858731022 3.859431022

0.10 3.687831022 3.688531022

0.01 3.630531022 3.631131022

0.001 3.629831022 3.630531022
2-7
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We consider an eigenvalue problem

2
d2

dx2
f1V~x!f52s2f ~B1!

for a square-well potential

V~x!5H 21 ~uxu<w, w.0!,

0 ~otherwise!.
~B2!

The problem reduces to a two point boundary value prob
at the boundariesx5x1 ,x2 (x1,2w,x2.w). The depen-
dent variables are

y15f, y25
df

dx
, y35s, y45A, ~B3!

wheres and A are constants. The evolution equations a
the boundary conditions are similar to Eq.~26! and Eqs.~27!,
~28! or Eqs.~29!, ~30!, respectively.
i-
e,

a-

. D

02500
m

d

We can analytically show that the eigenvalues for the
tential ~B2! satisfy the equation

np22 ws22arcsins50 ~n50,61,62, . . . !, ~B4!

wheres5A12s2. The eigenvaluesswn of Eq. ~B1! are la-
beled byw andn. We found good agreements of eigenvalu
swn obtained by solving the two point boundary value pro
lem, with those obtained by directly solving Eq.~B4! ~Table
II !.

APPENDIX C: CODE CHECK 2

In this paper we present the results for which the shoot
and relaxation methods agree within 5% error. The agr
ment is, however, far better than 5% in most cases. T
comparison of the two methods is summarized in Table
for some cases.
D

gy

s

@1# For example, E. W. Kolb and M. S. Turner,The Early Uni-
verse~Addison-Wesley, Redwood City, CA, 1990!; A. Vilen-
kin and E. P. S. Shellard,Cosmic Strings and Other Topolog
cal Defects ~Cambridge University Press, Cambridg
England, 1994!.

@2# J. Ipser and P. Sikivie, Phys. Rev. D30, 712 ~1984!.
@3# A. Vilenkin, Phys. Rev. D23, 852 ~1981!.
@4# J. P. De Villiers and V. P. Frolov, Phys. Rev. D58, 105018

~1998!.
@5# J. P. De Villiers and V. P. Frolov, Class. Quantum Grav.16,

2403 ~1999!.
@6# Y. Morisawa, R. Yamazaki, D. Ida, A. Ishibashi, and K. N

kao, Phys. Rev. D62, 084022~2000!.
@7# M. Christensen, V. P. Frolov, and A. L. Larsen, Phys. Rev

58, 085008~1998!.
@8# J. Garriga and A. Vilenkin, Phys. Rev. D44, 1007~1991!.
@9# J. Guven, Phys. Rev. D48, 4604~1993!.
@10# R. Gregory, Class. Quantum Grav.17, L125 ~2000!.
@11# R. Gregory and R. Laflamme, Phys. Rev. Lett.70, 2837

~1993!.
@12# R. Gregory and R. Laflamme, Nucl. Phys.B428, 399 ~1994!.
@13# R. Gregory and R. Laflamme, Phys. Rev. D51, R305~1995!.
@14# A. Chamblin, S. W. Hawking, and H. S. Reall, Phys. Rev.

61, 065007~2000!.
@15# R. Emparan, G. T. Horowitz, and R. Myers, J. High Ener

Phys.01, 007 ~2000!.
@16# J. Garriga and M. Sasaki, Phys. Rev. D62, 043523~2000!.
@17# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 4690~1999!.
@18# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 3370~1999!.
@19# S. Chandrasekhar,The Mathematical Theory of Black Hole

~Oxford University Press, New York, 1992!.
2-8


